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MOP general formulation

Minimize, Mamimize . (x), me= 1,2, M
subject to  g;ix] = 0, i=L2....] 2.1
' hyl(xh =0, k=12....K ’

M et i=12.n

Multi-objective optimization is sometimes referred to as wector optimization,
because a vector of objectives, mstead of a single objective, is optiiniged.
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Figure i Representation of the decision variable spaca and the corresponding cbjective
Bpace,
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Definition 2.1. 4 function T : E™ — R is a convez function if for any fwo pate
of solutions x''° x'%' € BM, the following condition i3 true:

N .kfux"z]) <M~ (1 AR, (2.2)
for allO <A <1,

The above definition gives rise to the following properties of a convex function.

1. The linear approximation of fix} at any peint in the interval [/ x!*] always
underestimates the actual function valie,

2, The Bessian matrix of ({x] is positive definite for all x.

3. For a convex function, a lecal minimum ie always & global minimum.!
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Figure 8 A convex function is illustrated. A line Jomng function values at two points x''*
and x'% always estimates a large value of the true convex function.
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test if & finction is convex within an interval, the Hessian matriz T is calculated and
checked for i#s positive-definiteness at all points in the interval. One of the waye to
check the positive-definiteness of a matrix is to compute the eigenvalues of the matrix
aod rcheck o see if all cigenvalues are positive. To test if a function T is noncunver
in an interval, the Hessian matrix —%% iz checked for its positive-definiteness, If it is
positive-definite, the function f is nonconver.
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Mathematical Programming Problem

» Multiple objectives, constraints, and

variables

Min /Max
Subject to

(f1(x), f2(x), ...
g9;(x) > 0
hi(x) =0

X(L) g X E X{'U)

, fa(x))
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An Engineering Example
Minimize fi(d,l) = pﬂ-dzf
e J T64P£3
_}i_{ Minimize fa(d,l) =46 = 3Erd
: subject to  opmax <5,
6 S 61[13)(

deciaslon
space

Diameter (mm)

b w

Deflection (mm)

s I . h
= oL oW o, W, W

§ 8 10 13 M
Welght (kg)

¥ Parsto optimal |
£ront
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Figure 9 A schematic of a cantilever beam.

Minimize f,[d,m:plf,rEL
e =L . - l;qplj
Minimize f21d, 11 =2 = g g0

subject to  Opax < 5y,
6 i E‘ma:l::

327
Umar = E
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Figurc 10 The feasible decieion variable epace (lefe} and the feasible objective space (right),
Table 1 Five solutions for the cantilever design prablem.

d 1 Weight Deflection

_Solution (mm) {mm} {kg)  {mm)
A 18.94° 200,00 0.44 204
B 21.24  200.00 0.58 1.18
c 34192 200,00 143 0.1
D 5000 200.00 306 0.04
& 33.02 36249 242 1.31 ;
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Figurc 11  Four Fareto-optimal solutions and one non-optimal eolution.
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2.3.1 Twe Goels Instead of One

In a single-objective optimization, there is one goal — the search for an optimum
solution. Although the search space may have 2 mumhber of local optimal solutions,
the goal ia always to find the global optimum solution. However, there is an exceptiot,
In the case of multi-modal optimization {see Section 4.6 later), the goal is to find a
number of local and global optimal solutions, instead of finding one cptimum solution.
However, most single-objective optimization algorithme aim at finding one optimum
solution, even when there exist 2 number of optimal solutions. In a single-ohjertive
optimisation algorithm, as long as a new solution has a better objective function value

than an cld solution, the new solution can he accepted.
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For each of the M eonflicting objectives, there exists one different cptimal solution. An
objective vector constructed with these individual optimal objective values constitutes
the ideal objective vector.

Definition 2,3. The m-th component of the wdeal objective vector z* is the

constrained mumwmum sofution of the following problem:

Minimize f,,1x| } {2.5)

subtect te x £.5.

Thua, if the minimum aolution for the m-th ohjective function is the decision vectar
x*'™ with function value 5, the ideal vector s as follows:

B = =0y, T

In general, the ideal objective vector correeponds to a non-exdstent solutiom, This is

Jamshid Nazemi Multi Criteria Decision making Slide no.: 13
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Tt is inieresting to. ponder the question: ‘If the ideal obhjective vector is non-exiatent,
what i its nae?’ In most algorithms which are seeking to find Pareto-optimal solutions,
the ideal ohjective vector is used as a reference solution {we are using the word
‘solntion’ correzpanding to the ideal objective vector looasly here, realizing that an
ideal wector represenis a non-existent solution}. T4 is also clear from Figure 13 that
salutions closer to the ideal objective vector are better. Moreover, many algorithms
require the knowledge of the lower hound on each ohjective function to normalize

objective values in a common range, a matter which we shall diseuss later

Bt

i jecti tors.
Figuee 13 The ideal, utoplan, and nadir objective vectom
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Delinition 2.4. A utopian objecttve vector z°™ hos each of its components
merginally smaller than that of the fdeal objective vector, or 2] — & € with
c=dforalli=12_. . M

Figure 13 shows a utopian objective vector. Like the iceal ohjective vector, the
utopian objective vector also represents a nom-existent solution.

Althongh the ideal ohjective vector is eagy to compute [except in complex ronlti-
modal abjective problems), the nadir objective vecter is difficult to compitte in
practice. However, fur well-behaved probleme (including Yinear MOOPe), the nadir
objective vector cen be derived from the ideal ubjective vector by using the peyoff
table methad described in Miettinen (1999). For two objectives (Figure 13), if
gl {fﬁx'm],fz[x':“l]I and 272 — [fq[:t'r-z‘- :I,lex’r3"’5)1 are coordinates of
the minimum solutions of fy and 2, respectively, in the objective space, then the

i T
. L ) e el
nadir objective vector can be estimated as g8 — {{y[x ], )

Jamshid Nazemi Multi Criteria Decision making Slide no.: 15

«C

Definition 2.5. A solution x/"' is sord to domingte the other sofution x'?), if
both condifions ! and 2 are true:

1. The solution x'1° 45 no worse than x/2! in all objectives, or f;[x/"] § =2
foralli—1,2,....M.

8. The solution x*1° 15 strictly befter thon x'% in at least one objective, or
f50x! M) a %21} for af least one je [1,2.... ML

If any of the aho?e condition is vialated, the solution x''" does not dominate the
solution x'2'. If x1") dominates the soluticn x!2! {or mathematically %' =< x/}, i
i3 also customary to write any of the following:

» x'?) iz dominated by xi1;
* x'! iz non-dominated by x/2', ar;
o x'"is non-inferior to x'2°.
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Figure 14 A population of five enlutiona.
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Which Solutions are Optimal?

» Relates to the concept of

f2 (minimize)

dominaton «6
» X dominates x@, if N 2
» x is no worse than x? in all .
objectives ) “T g |
» xV is strictly better than x@ir [T °
. . 1r--------- Fi--93
at least one objective I Lol ]

» Examples:
» 3 dominates 2
» 3 does not dominate 5

fl (maximize)
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Pareto-Optimal Solutions

» P’=Non-dominated(P)

Solutions which are not £, (ninimize)
dominated by any member *6
of the set P sk - | ,
|Non-dominated
» O(N log N) algorithms exist L s J Eront
» Pareto-Optimal set = Non- ¢, 4
dominated(S) e
> 2 6 10 14 18
£, (maximize)
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There are three possibilities that can be the outcome of the deminance
check between two solutions 1 and 2. ie. {i) solution 1 dominates solution 2, (il}
solution 1 gets dominated by solutien 2, ov (iii} solutions 1 and 2 do not dominate
each other. Let us now discuss the different binary relation properties (Cormen et al.,
1990] of the dominance operator.

Refiexive: The dominance relalion i3 wof reflerive, since any solution p does not
dorminate itself according to Definition 2.5, The second condition of dominance
relation in Definition 2.5 does not allow this property fo be satisfied.

Svimrneiriee 'T'he dominance relation is alsa not surmmetric. hecause b < 0 does not
imply q < 7. In fact, the opposite is true. That is, if p dominates g, then ¢ does
not dominate p. Thus, the dominance relation is asymmetric.

Antisymmetrie: Since the dominance relation is not symmetric, it cannof hbe
antisymmetric as well.

Transitive: The dominance relation is transitive. This is because fp < gand q < 1,
then p < r,
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respect to sach other. At the end, we expect 1o have a set of solutiona, any two of
which do not dominate cach other. This =t also kas another property. ¥or any solution
outside of this set, we van always find a solution in this set which will dominate the
former. Thus, this particuiar set has a property of dominating all other solutions which
do not belong to this set. In simple term, this means that the solustions of this set
are hetter compared o the rest of solutious. This set is given a special narne. It is
called the non-domsnated set for the given set of solutions, In the example problem,
solutions 3 and § conetitutes the nun-dominated set of the given set of five solitions.
Thus, we define a set of non-dominated solutions as followa,

Definition 2.6 {Non-dominated set). Among 2 set of sofutions P, the non-
dominated set of solutions P’ are those that are not dominated by any member
of the sef P,

Jamshid Nazemi Multi Criteria Decision making Slide no.: 21

Definition 2.7 (Globally Parcta-optimal set). The non-dominated set of the
entire feasible search space § is the globally Pareto-optimal set.

On many occasions, the globally Pareto-optimal set is simply referred to as the
Pareto-cptimal sef, Since solutions of this set are not dominated by any feasible
member of the search space, they are optimal solutions of the MOOP, We define
a locally Pareto-optimal set as follows (Deb, 1999¢; Miettinen, 1959),

Definition 2.8. If for every member x in o set P there szists no sofution y
(in the neighborhood of x such that ||y - ¥||. < €, where € is a smail positive
number) dominating any member of the set P, then solutions belonging fo the
set P constitute o locally Pereto-optimal zet,
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Pareto-Optimal Fronts

» Depends on the

type of
objectives
>
£ Max- - Min £ Max- - Max
Jamshid Nazemi Multi Criteria Decision making Slide no.: 23

£, Hax——Min f, Hax--Hax
4

I - - - —E

Figure L5 Pareto-optimal solutions are marked with centinuous curves for four
combinations of two types of objectives.
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Local Versus Global Pareto-Optimal
Fronts

Domination check is
restricted within a neighborhood (in decision space) of

£, — Locally Xy
Jl ‘" Pareto-optimal set
i
\
<
VAN ]
/ -
'
f BC
/
s
/
."j
/
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!
— —_————
L Globally f x
Pareto-optimal set 1 e
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Definition 2.9. A soclufion x!'! strongly dominates a solution x/*' for x17 <
xI7!), if solution xU'! is strictly beter than sotution x'2' in &l M objectives.

Delnition 2.10 {Weakly nen-dominated set}, Ameng a set of soluftons P,
the weakly non-dominated set of solutions P' are these that are not strongly
dominated by eny other member of the set P,

The above definition suggests that a weakly non-dominated set found from a set
of P solutions contains all members of the non-deminated set obiained by unsing
Definition 2.6 from the same set P. In other words, for a given population of solutions,
the cardinality of the weakly non-dominated set is greater than or equal to the
cardinality of the non-dominated set obtained by using the usual Definition 2.6.
The definition of a globally or locally wénkly Pareto-optimal set can also be defined
aimilarly by using the definition of the weakly non-dominated set.
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Identifying the Mon-Dominated Set: Approach 'l

Step 1 Set solution counter 1 = 1 and create an empty non-dominated set P’

Step 2 [or a solution j & P (bt j # 1), check if solution § dominates solution
i If yos, go to Step 4.

Step 3 If more solubions are left in P, increment | by one and go to Step 2;
otherwiss, set P’ =P L. i}

Step 4 Increment i by one. If © < N, go to Step 2; vtherwise stop and declare
F' ag the non-dominated set.
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Step 1 Wezeti— | and P/ = (.

Step 2 We compare solution 1 with all othet soluticns for domination, starting from
solution 2. We observe that solulion 2 does not dominate solution 1

Stop 3 However, solution 3 dominates solution 1. Thua, we move to Step 4.

Step 4 Solution 1 does oot belong to the nou-dominated sel and we ucrement i to
2 and move to Step 2 to check the fate of solution 2.

Step 2 We ohserve that solution 1 dorninates solution 2. We therefore move to Step 4.

Step 4 Thus, solubion 2 does not belong to the non-dominated set. Next, we check

aolution 3.

Sieps 2 and 3 Starting from solution 1, we observe that neither soluiou 1 nar 2
dominates solution 3. In fact, solutions 4 and 5 also do not domrmate golution 3.
Thus, we include sclution 3 in the non-dominated set, PF — 3!,

Step 4 We now check sclution 4.
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Step 2 Solution 5 dominates solution 4, Thua, 1t cannot be & meruber of P
Step 4 Now we check the final solution [solution 5}
Step 2 We observe that none of the solutions {1 to 4) dominates solution 5.

Step 4 So, solution 5 also belengs to the non-dominated set. Thus, we update

Pr =135}
Step 4 We have now considered all five eclutiona and found the non-dominated set
P* e [3,3].
Jamshid Nazemi Multi Criteria Decision making Slide no.: 29

|dentifying the Non-Dominated Set: Approach 2

Step 1 Initialize P’ = {1}, Set solution counter i =2,
Step 2 Betj — L.
Stepr 3 Compare solution { with j from P for domination.

Step 4 If 1 dominates j, delete the j-ih member from P’ or update P* —
poptitl If§ < P, increment § by oue and then go to Step 3. Otherwise,
go to Step 5. Alternatively, if the j-th member of P’ dominates i, increment
i by one and then go to Step 2.

Step 5 Insert 1in P* or update P*— PAU4iL If 1 < N, increment i by one and
go to Step 2. Otherwise, stop and declare P* aa the non-dominated set.
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15



£33 o= Jls

Step 1 P'— {1 and we set 1 — 2.
Step 2 We set the solntion counter of P* as j = 1 (which refers to solution 1}.

Step 3 We now compare solution 2 (i = 2} with the lone member of P {solution 1)
for domination. We obaerve that solution 1 dominakes selution 2 . Since the j-th
member of P’ dominates solution i, we increment [ ta 3 andd go to Step 2. This
means that solution 2 does not belcng to the non-dominated set.

Step 2 The set P still has solution 1 {j = 1) only.

Step 3 Now we compare solution 3 with eclution 1. We ohaerve that sclution 3 (i = 3)
dominates solution 1. Thus, we delete the j-th {or the first] member from P’
and update P' — @. Thus, P'| — 0. Thie depicts that a non-member of the
non-dominatad set gets deleted from P'. We now move to Step 5.

Step 5 Weinsert i — 3 in P’ or update P* — 13}, Since i < 5 here, we increment i to
4 and move to Step 2.
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Step 2 We set j — 1, which refers to the lone element {solution 3} of P'.

Step 4 By comparing solution 4 with solution 3, we observe that solution 3 dominates
solution 4. Thus, we increment { to 5 and move to Step 2.

Step 2 We still have soiution 3 n P,

Step 3 Now, we compare solution 5 with solution 3. We observe that neither of them
dorminates the other. Thus, we move to Step 5.

Step 5 We insett solution 5 m P and update P — (3,5} Since 1 — 5, we stop and
declare ' — [3,5] as the non-dominated set.
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Identifying the Non-Dominated Set: Approach 3

Step 1 Sort the population according to the descending crder of iniportance in
the first objective function and rename the population as P of size N.
Step 2, ¥root{P) If iP| — 1, return P as the cutput of Front(P). Otherwise,
T — Front{PU-PUPIF2 and B — Front{ P!/ 241_pUPIY If the {-th non-
deminated solution of B 1s not dominated by any nop-dominated solution
of T, create a merged set & — TU{i}. Return M as the output of Front{P).

Jamshid Nazemi Multi Criteria Decision making Slide no.: 33

Step 1 Since the firet objective is to be maximized in this problem, we sort the
population according to the decreasing value of the first objective function. We
obtain the following sequence:

P —143.3,4.1,2]

—— Step 2 When the entire set P enters Front( ), the size of P is not vne. Thus, we 8¢t  s———

T = Front{{5,3}] and B — Front({4,1,2}]. Recursively, the Fi'(mt{-{i 3}} would
divide the get |5, 3) nto two halves and make Front({5}. and Front!{3)) as the
aext inner T and B sets. Since the sizes of these two inner sets are one each,
thesy two solutions are sent ae output to the above Front( ) calls. Moving up a
step to Front[:3,3)) with 1 = [5) and B = {3}, the domination check and merging
operation are then executed, We observe that solution 3 is not dominated by
solution 5. Therefore, the merged set contains both solutions, or M = {5,3}.
Thus, the outcome of the T — Fronk(]5, 3}) is the set {5, 3}

Similarly, the Froatl-4,1,2}1 operation makes twn calls, i.e. Front)i4}] and
Fromt!{1.2}!. The output from the former is {4). The latter makes two more
callz, ie. Front{{1) and Fronti{2}), with outputz as | |} and {2}, reapectively. How,
to complete the Front({1, 211 operation, we need to check whether solutiop 2 is
indeed dominated by solution }. As we alveady know that salution 2 is deminated
by zolution 1, we have M = {1} as the output of Front(]1,2}}). Now, to complele
the Frount|id, ], 2}) operation, we need to check the domination of salntions 4 (1)
and 1 {B). Since solution 1 is not dominated by solution 4, the merged set is
M — {4, 1}, which is also the output of the Fromt[!4,1, 2] call.

Now, for the overall call to Front[P), the sete are {5,3} and |4, 1}, respectively,
Checking the domination of the non-dominated solution {solution 1 in the second
objective) in i with the non-dominated solution (solution 3 in the second
ohjective) of 1, we ohserve that both solution | gets dorninated by solution 3 in
the secomd objective. Thus, the output of the Front{P] call is the sat 15,3}, and
this is the non-dorminated set.

Jamshid Nazemi IVIUITI CFITeria becision making Slide no.: 34
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algorithms require us to find only the best non-dominated front in a population.
These algorithms classify the population into two esete - the non-dominated set and
the remaining dorninated set, However, there exist some algorithms which reguire
the entire population to be ¢lassified nto varioue non-domination levels. In such
algorithms, the population needa to be aorted according to an ascending level of non-
domination. The best non-dvminated solutions are called non-dominated solutions of
leve] 1. Iu arder to find sulutions for the next level of non-domination, there is a simple
procedure which is ueually followed. Once the best nan-dominatad set is identified,
they are temporarily disregarded fror the population.
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MNon-Dominated Sorting

Step 1 Zet all non-dominated sets Py, (§ — 1,2,...) as empty sets. Set non-
domination level counter j = 1.

Step 2 Use any one of the Approachey 1 to 3 $o find the non-dominated set P!
of ‘population P.

Step 3 Update P, = P and P — P41,

Step 4 If P # @, increment j by one and go to Step 2. Otherwise, stop and
declare all non-dominated sets P, for i —1,2,....3.
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Step 1 We first set j =] to identify the non-dominated solutions of the first level.
Stcp 2 As shown earlier, the first non-dominated set 13 P = {3, 5}

Step 3 Update ¥ = P’ — (3,5} and modify P by deleting solutions 3 and 5 from it,
or P ={1,24.

Step 4 Since P is a non-empty set, we move to Step 2 in search of salutions of the
secandl non-domination level (j = 2).
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Step 2 We now move to Approach 1, outlined above on page 34.

Step 1 Seti=1and P'=9.

Step 2 Solution 2 does nal dominate sclution 1.

Step 3 We now check solution 4 with solution 1.

Step 2 Solution 4 does not dominate solution 1 either.
Step 3 We set P/ — {1}
Step 4 We increment i‘to 2 {rheck for sahition 2) and move to Step 2.
Step 2 Solution 1 dominates solution 2.

Step 3 Thus, we move to Step 4.

Step 4 We now check solution 4 for its inclusion in the second non-dominated
sef,
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Step 2 Solution 1 does not dominate solution 4,
Step & Check with solution 2.
Stop 2 Sclution 2 does not dominate solution 4 either.
Step 3 We include solution 4 in the set or P! — 1,4},
Step 4 All three solutions are checked for non-domination. Thus, we declate
the non-dominated set as P’ ={1,4}.
Step 3 Update P, =P = (1,4} and madify P by deleting P’ from it, oc P — {2}

Sten 4 We increment j to 3 and mave te Step 2 in search of solutions in the third
aon-dominated set.
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Figure 18 Solutions clazeified inte various nen-demination claeses.
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An OUMN2) Non-Dominated Sorting Algorithm
Step 1 For each { £ P, m; — 0 and initialize 5, — §. Forallj #iand j € P,
perforra Step 2 and then proceed fo Step 3.
Step 2 If i <j, update 8, = S, U{j}. Otherwise, if j < i, set 7| — 4+ 1.

Step 3 Ifn; — 0, keep { in the first non-dominated front Py (we called this set
P! in the above paragraph). Set a front counter k — 1.

Step 4 While P, £ @, perform the following steps.

Step 5 Initialize Q = {) for storing next non-dominated solutions. For each
i€ Py, and for each j & S5,

Step 5a Update ny =ny — 1.
Step Bl If 1y =0, keep j in Q, or perform § — QU i}
Step 6 Set k —k | 1 and Py, — Q. Go to Step 4.
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Theovem 2.5.1. (Fritz—John necessary condition). A necessary condition for x°
to be Pareto-optimal is that there exist vectors A = 0 and u > 0 (where A ¢ BM,
u & B and A,u £ 0} such that the following conditions are true:

1. Z::=| -'-'Lmﬁ m.[x“:' - Z;=| LLj‘ngl:x‘ i - D: and

2 ujgs(x*! =0 foraellj —1,2,...}

For a proof, readers may cefer to Cunha ane Polak {1967). Miettinen (1599) argues
that the above theorem is aleo valid as the necessary condition for a solution to
be weakly Pareto-optimal. Those readers familiar with the Kuhn-"Tncker necessary
conditione tor aingle-ohijective optimization will immediately recognize the similarity
between the above conditiome and that of the single-objective optimization. The
difference is in the inclusion of a A-vector with the gradient vector of the objectives.
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For an unconstrained MOOP, the above theorem requires the following condition:

i
L :\I“vfhl [x- ! -0

m=—1

n-variable unconetrained MOOP:

a1, ol At A:
By e UK |
IR F: 8t | | Az
Fey  Ors 3x: - (2.7}
o afy By '
Skin iy, % ‘.'Il-M-
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For probleme with 1 — M {identical aumber of decision variables and objectives),
the Pareto-optimal solutions must satisfy the following:

cBfy ol Bty
g ) dxi
|8fy il BTy
.z X2 au ! =0, (2_3:]
ar,  er; .. B!
e EES 0%

The determinant of the partial derivative matrix must be zere for Pareto-optimal
solutions. For a two-variable, two-objective MOOP, the above ¢ondition reduces to
the following:
afy ar; af}_ ﬂ
dx) Gxz  Bwa By

{2.9)

The following theotem offers sufficient conditions for a solution to be Pareto-optimal
for conver functions.
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Theorem 2.5.2. (Korush-Kuhn-Tucker sufficient condition for Parato.optimualtiy).
Let the cbjective functions be conver and the eonstraint functions of the problem
shown @ equation [2.1) be nonconvex, et the objective end constraint functions
be continuously differentiable af a feasible solution x*. A sufficient condition for
X" to be Pareto-gptimal is that there emst vectors A > 0 and u > 0 {where A € M
and € B } such thaf the following equotions are true:

¥ M ALVhIxT - Y 4 Tg;ix’1 =0, and
2 uwjgiix’) -0 farallj—1,2,.... T
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Some Terminologies

> (z%)
w
» nonexistent, lower f n HETET)
z
bound on Pareto- _ £
optimal set
h Z**)
» nonexistent
» (Znad)
*(2)
» Upper bound on z
Pareto-optimal set f
» Normalization: norm _ _fi—z]
ato [ = Tnad ¥
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Differences with Single-Objective
Optimization

» One optimum versus multiple optima
» Requires search and decision-making
» Two spaces of interest, instead of one

f s Xy

Decision space

Objective space

-

! E—
Declalon space X 9
W
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