Chapter 7

Markov Chains

INTRODUCTION

We review the definitions and elementary properties of vectors and matrices which are
required for this chapter.

By a vector v we simply mean an n-tuple of numbers:
U= (U, U, ..., Un)

The u; are called the components of u. If all the u; = 0, then % is called the zero vector. By
a scalar multiple ku of u (where k is a real number), we mean the vector obtained from u
by multiplying its components by k:

ku = (kw, kus, . .., ki)

We note that two vectors are equal if and only if their corresponding components are
equal.

By a matric A we mean a rectangular array of numbers:

an @12 Qin
A = a2 a22 A2on
Am1 Am2 Amn
The m horizontal n-tuples
(@11, Qaz, « . .y Qan), (@21, A2z, ..oy G2n), o . oy (Gmiy Gm2, . .y Amn)

are called the rows of A, and the » vertical m-tuples

an a2 Qin

a2y (153 A2n
’ ’ ’

Ami Am2 Amn

its columns. Note that the element ai;, called the ij-entry, appears in the ith row and the
7th column. We frequently denote such a matrix simply by A = (ay).

A matrix with m rows and n columns is said to be an m by n matrix, written m X n
matrix; if m =n, then it is called a square matrix (or: n-square matrix). We also note
that a matrix with only one row may be viewed as a vector, and vice versa.

Now suppose A and B are two matrices such that the number of columns of A is equal
to the number of rows of B, say A is an m X p matrix and B is a p X » matrix. Then the
product of A and B, written AB, is the m X n matrix whose ij-entry is obtained by multiply-
ing the elements of the ith row of A by the corresponding elements of the jth column of B
and then adding:

126
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where c; = Quby + awby + -+ + apby = E Qikbu;

If the number of columns of A is not equal to the number of rows of B, say A is mXp
and B is ¢ X n where p # ¢, then the product AB is not defined.

There are special cases of matrix multiplication which are of special interest. If A
is an n-square matrix, then we can form all the powers of A:

A2=AA, A= AA2 A‘= AA3 ..
In addition, if « is a vector with n components, then we can form the product
uA

which is again a vector with » components. We call u# 0 a fixed vector (or: fixed point)
of A, if u is “left fixed”, i.e. is not changed, when multiplied by A:

uA = u
In this case, for any scalar %+ 0, we have

kA = k(ud) = ku
That is, () (A)

Theorem 7.1: If u is a fixed vector of a matrix A, then every nonzero scalar multiple ku
of u is also a fixed vector of A.

E le 7.1: T 8\/a4 oy a3 _ ra, + 8by ray, + 8by, raz+ sb;
xampte -1 t w/\by by b3/ T \ta;+ uby tay+ ub, tag+ ubs
1 2
Example 7.2: If A = < 3 4>, then

. 1 2\/1 2\ _ 146 2+8 _ 7 10
T O\8 4/\3 4/ 3+12 6416 T o\15 22

1
Example 7.3: (1,2, 3)] 4 = (1+8+21,2+10+24,3+12+27) = (30, 36, 42)
7

00 ot o
O o w

2 1
Example 74: Consider the matrix 4 = ( 3> . Then the vector u = (2,—1) is a fixed point

of A. For, 2

2 1
ud = (2,—1)<2 3) = (22—-1+2,21—-1+3) = (2,-1) = u
Thus by the above theorem, the vector 2u = (4, —2) is also a fixed point of A:

2 1

4, —2) (2 3) = (4+2—2+2,4°1—23) = (4,-2)

PROBABILITY VECTORS, STOCHASTIC MATRICES

A vector % = (U1, Us, ...,Un) is called a probability vector if the components are non-
negative and their sum is 1.
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Example 7.5: Consider the following vectors:
v=(0-5Ld »=&%01 and w=(1101%
Then:
u is not a probability vector since its third component is negative;
v is not a probability vector since the sum of its components is greater than 1;

w is a probability vector.

Example 7.6: The nonzero vector v = (2,8,5,0,1) is not a probability vector since the sum of
its components is 2+3+54+0+1=11. However, since the components of »
are nonnegative, v has a unique scalar multiple Av which is a probability vector;

it can be obtained from » by multiplying each component of » by the reciprocal

; 1
of the sum of the components of v: v = (&, &, &, 0, 1)

A square matrix P = (py;) is called a stochastic matrix if each of its rows is a probability
vector, i.e. if each entry of P is nonnegative and the sum of the entries in each row is 1.

Example 7.7: Consider the following matrices:

4 0 3 0 1 0
o2

7 11 bbb

bk o4 <**> A

(i (if) (iii)
(i) is not a stochastic matrix since the entry in the second row and third column
is negative;

(ii) is not a stochastic matrix since the sum of the entries in the second row is
not 1;

(iii) is a stochastic matrix since each row is a probability vector.
We shall prove (see Problem 7.10)

Theorem 7.2: If A and B are stochastic matrices, then the product AB is a stochastic
matrix. Therefore, in particular, all powers A" are stochastic matrices.

REGULAR STOCHASTIC MATRICES

We now define an important class of stochastic matrices whose properties shall be
investigated subsequently.

Definition: A stochastic matrix P is said to be regular if all the entries of some power
Pm are positive.

Example 78: The stochastic matrix 4 = <Z ;) is regular since

“ = Gl = Gy

is positive in every entry.

33

e 1) oG- (h)

In fact every power A™ will have 1 and 0 in the first row; hence A is not regular.

1 0
Example 7.9: Consider the stochastic matrix 4 = < > Here
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FIXED POINTS AND REGULAR STOCHASTIC MATRICES

The fundamental property of regular stochastic matrices is contained in the following
theorem whose proof lies beyond the scope of this text.

Theorem 7.3: Let P be a regular stochastic matrix. Then:

(i) P has a unique fixed probability vector f, and the components of ¢
are all positive;

(ii) the sequence P,P% P3,... of powers of P approaches the matrix T
whose rows are each the fixed point ¢;

(iii) if p is any probability vector, then the sequence of vectors
pP,pP?, pP?, ... approaches the fixed point ¢.

Note: Pt approaches T means that each entry of P" approaches the corresponding
entry of T, and pP" approaches ¢t means that each component of pP" approaches the cor-
responding component of {.

0 1
>. We seek a probability

33

vector with two components, which we can denote by ¢t = (x,1—x), such that

tP = t:
(@ 1 (0 1> 1 )
z,1—z) PR = (z,1—=z

Multiplying the left side of the above matrix equation, we obtain

(3—12 = = _
1%-{-%1 =1—-z or 2=}

Example 7.10: Consider the regular stochastic matrix P = (

3—3=,3+42) = (x,1—=) or

Thus t=(4,1—4%)=1(3, %) is the unique fixed probability vector of P, By
Theorem 7.3, the sequence P, P2, P8, ... approaches the matrix T whose rows are

each the vector f: -
r = () - (s o)

We exhibit some of the powers of P to indicate the above result:
3
Pz:%%:.so.so;m:i.;:.25.75>
1 2 25 .76 $ % .37 .63
Pt = (% %) _ (.37 .63>; Ps = (% %—é) _ (.31 .69>
= i 31 .69 i 21 .34 .66

Example 7.11: Find the unique fixed probability vector of the regular stochastic matrix

01 0
P = 0 0 1

3 30

Method 1. We seek a probability vector with three components, which we can
represent by t = (z,%¥,1 —x—y), such that tP =t

01 0
#y,1—z—y) |0 0 1 = (zyl-z—y
0

3 4
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Multiplying the left side of the above matrix equation and then setting correspond-
ing components equal to each other, we obtain the system

1—de—dy = = 3z+y = 1 R
zr = =
z+4—dz—-3y =y or zx—38y = —1 or é
y._.
y =1—z—y z+2y =1

Thus t = (1,2, 2) is the unique fixed probability vector of P.

b3

Method 2. We first seek any fixed vector u = (2,y,2) of the matrix P:

01 0 iz = =
(9,20 0 1] = (2,92 or r+ iz =
300 vy =

We know that the system has a nonzero solution; hence we can arbitrarily assign
a value to one of the unknowns. Set z=2. Then by the first equation z =1,
and by the third equation y = 2. Thus » =(1,2,2) is a fixed point of P. But
every multiple of « is a fixed point of P; hence multiply » by | to obtain the re-
quired fixed probability vector t = lu = (},%,32).

MARKOV CHAINS

We now consider a sequence of trials whose outcomes, say, X, X, ..., satisfy the
following two properties:

(i) Each outcome belongs to a finite set of outcomes {ai, as, ...,an} called the state space
of the system; if the outcome on the nth trial is a;, then we say that the system is in
state a; at time n or at the nth step.

(ii) The outcome of any trial depends at most upon the outcome of the immediately pre-
ceding trial and not upon any other previous outcome; with each pair of states (a;, a;)
there is given the probability p;; that a; occurs immediately after a; occurs.

Such a stochastic process is called a (finite) Markov chain. The numbers pi;, called the
transition probabilities, can be arranged in a matrix

P P2 crr Pim
P - P21 P22 Pem
Pm DPme Pmm

called the transition matriz.

Thus with each state a; there corresponds the ith row (pu, i, ..., Pim) of the transition
matrix P; if the system is in state a; then this row vector represents the probabilities of
all the possible outcomes of the next trial and so it is a probability vector. Accordingly,

Theorem 7.4: The transition matrix P of a Markov chain is a stochastic matrix.

Example 7.12: A man either drives his car or takes a train to work each day. Suppose he never
takes the train two days in a row; but if he drives to work, then the next day
he is just as likely to drive again as he is to take the train.

The state space of the system is {t (train), d (drive)}. This stochastic process
is a Markov chain since the outcome on any day depends only on what happened
the preceding day. The transition matrix of the Markov chain is

t d

i 3)
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The first row of the matrix corresponds to the fact that he never takes the
train two days in a row and so he definitely will drive the day after he takes the
train. The second row of the matrix corresponds to the fact that the day after
he drives he will drive or take the train with equal probability.

Example 7.13: Three boys A, B and C are throwing a ball to each other. A always throws the ball
to B and B always throws the ball to C; but C is just as likely to throw the ball
to B as to A. Let X, denote the nth person to be thrown the ball. The state space
of the system is {4, B, C}. This is a Markov chain since the person throwing the
ball is not influenced by those who previously had the ball. The transition matrix
of the Markov chain is

A B C
Afo 1 o0
Blo o 1
c\y & 0

The first row of the matrix corresponds to the fact that A always throws the
ball to B. The second row corresponds to the fact that B always throws the ball
to C. The last row corresponds to the fact that C throws the ball to A or B with
equal probability (and does not throw it to himself),

Example 7.14: A school contains 200 boys and 150 girls. One student is selected after another
to take an eye examination. Let X, denote the sex of the nth student who takes
the examination. The state space of the stochastic process is {m (male), f (female)}.
However, this process is not a Markov chain since, for example, the probability
that the third person is a girl depends not only on the outcome of the second trial
but on both the first and second trials.

Example 7.15: (Random walk with reflecting barriers) A man is at an integral point on the
z-axis between the origin O and, say, the point 5. He takes a unit step to the
right with probability p or to the left with probability ¢ =1 —p, unless he is at
the origin where he takes a step to the right to 1 or at the point 5 where he takes
a step to the left to 4. Let X, denote his position after n steps. This is a Markov
chain with state space {a, a,, as, @3, a,, a5} where a; means that the man is at the
point 4. The transition matrix is

G G G a3 G4 O

a, 0 1 o o0 o O
a, qg 0 p» 0 0 O
p _ g 0 q 0 P 0 Q
ay O 0 g 0 p O
a, 0o 0 0 g O p
as o o0 O 0 1 0

Each row of the matrix, except the first and last, corresponds to the fact that
the man moves from state a, to state a;,; with probability p or back to state a;_;
with probability ¢ =1 —p. The first row corresponds to the fact that the man
must move from state a, to state a;, and the last row that the man must move
from state as to state ay.

HIGHER TRANSITION PROBABILITIES

The entry p;; in the transition matrix P of a Markov chain is the probability that the
system changes from the state a: to the state a; in one step: @~ ¢;. Question: What is
the probability, denoted by pgj”’, that the system changes from the state a; to the state ¢; in
exactly n steps:

a4 > a‘kl—-) ak2—-) [ ak”_l—) Q;
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The next theorem answers this question; here the p‘.‘j"’ are arranged in a matrix P™ called
the n-step transition matriz:

Theorem 7.5: Let P be the transition matrix of a Markov chain process. Then the n-step
transition matrix is equal to the nth power of P; that is, P™ = Pn,

Now suppose that, at some arbitrary time, the probability that the system is in state
a; is pi; we denote these probabilities by the probability vector p = (p1, ps, . - ., Pm) Which
is called the probability distribution of the system at that time. In particular, we shall let

0 — 0 [ [€1))
p® = (p/”, p®, ..., PY)

denote the initial probability distribution, i.e. the distribution when the process begins,

and we shall let
p(n) — (pl(n), pén)’ e p,(,?)

denote the nth step probability distribution, i.e. the distribution after the first n steps.
The following theorem applies.

Theorem 7.6: Let P be the transition matrix of a Markov chain process. If p = (p) is
the probability distribution of the system at some arbitrary time, then
pP is the probability distribution of the system one step later and pPr is
the probability distribution of the system n steps later. In particular,

P = pOP p@ = pOP p® = p@P, p = pOpn

Example 7.16: Consider the Markov chain of Example 7.12 whose transition matrix is
t d
p oo ¢ <o 1>
d \} %

Here t is the state of taking a train to work and d of driving to work. By Ex-

ample 7.8,
mere s (00D G

Thus the probability that the system changes from, say, state ¢ to state d in exactly
4 steps is §, i.e. p:;) = §. Similarly, p{}’ = §, p;c“ =& and p;y =4.

Now suppose that on the first day of work, the man tossed a fair die and drove
to work if and only if a 6 appeared. In other words, p® = (§,}) is the initial
probability distribution. Then

pW = pOPt = (g,%)<§ i) = &%

16 16

is the probability distribution after 4 days, i.e. pg‘” = %—2— and pé" = %.

Example 7.17: Consider the Markov chain of Example 7.13 whose transition matrix is

A B C
A (0 1 0
Pp = B (0 0 1
c\s % o
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Suppose C was the first person with the ball, i.e. suppose p(® = (0,0,1) is the
initial probability distribution. Then

01 0

p = pop = (0,0,1)[{0 0 1 = &40
P 30
01 0

PP = p®P = (},3,0(0 0 1 = 0,43
1 30
01 0

p®» = p®P = (0,4, P|o 0 1 = &3P
1 30

Thus, after three throws, the probability that A has the ball is 1, that B has the
ball is 1 and that C has the ball is i p‘§3> =1, p§3> =1 and pé3> = 3.

Example 7.18: Consider the random walk problem of Example 7.15. Suppose the man began at the
point 2; find the probability distribution after 3 steps and after 4 steps, i.e. p®
and p4,

Now p® =(0,0,1,0,0,0) is the initial probability distribution. Then
p(l) = p(O)P = (()’ q, ()’ P, (), ())
p® = pDP = (g2 0, 2pq, 0, P2, 0)
p@® = p@P = (0, g2+ 2pq? 0, 3p%q, 0, P°)
p@ = p®P = (¢®+2pg3 0, pg* + 5p?¢%, 0, 3p3q + PP, 0)

Thus after 4 steps he is at, say, the origin with probability ¢3 + 2pq3.

STATIONARY DISTRIBUTION OF REGULAR MARKOV CHAINS

Suppose that a Markov chain is regular, i.e. that its transition matrix P is regular.
By Theorem 7.3 the sequence of nm-step transition matrices P" approaches the matrix T
whose rows are each the unique fixed probability vector ¢t of P; hence the probability pf.j"’
that a; occurs for sufficiently large n is independent of the original state a; and it approaches
the component t; of t. In other words,

Theorem 7.7: Let the transition matrix P of a Markov chain be regular. Then, in the
long run, the probability that any state a; occurs is approximately equal
to the component {; of the unique fixed probability vector t of P.

Thus we see that the effect of the initial state or the initial probability distribution of
the process wears off as the number of steps of the process increase. Furthermore, every
sequence of probability distributions approaches the fixed probability vector t of P, called
the stationary distribution of the Markov chain.

Example 7.19: Consider the Markov chain process of Example 7.12 whose transition matrix is

t d

e =i G
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Example 7.20:

MARKOV CHAINS [CHAP. 7

By Example 7.10, the unique fixed probability vector of the above matrix is (}, ).
Thus, in the long run, the man will take the train to work } of the time, and drive
to work the other § of the time.

Consider the Markov chain process of Example 7.13 whose transition matrix is

A B C
A fo 1 0
P = B0 0 1
c\y 3 o0

By Example 7.11, the unique fixed probability vector of the above matrix is
(3, #, 4). Thus, in the long run, A will be thrown the ball 20% of the time, and
B and C 40% of the time.

ABSORBING STATES
A state a; of a Markov chain is called absorbing if the system remains in the state «

once it enters there.

Thus a state a; is absorbing if and only if the ith row of the transition

matrix P has a 1 on the main diagonal and zeros everywhere else. (The main diagonal of
an n-square matrix A = (ay;) consists of the entries ai, @, . . ., Gan.)

Example 7.21:

Example 7.22:

Example 723:

Suppose the following matrix is the transition matrix of a Markov chain:

a a a3 a4 Gas

e /3 0 % % 1%
@ [0 1 0 0 0
P = {4 0 } 1 O
a \0 1 0 0 0
as \0 0 0 0 3%

The states a, and a; are each absorbing, since each of the second and fifth rows
has a 1 on the main diagonal.

(Random walk with absorbing barriers.) Consider the random walk problem of
Example 7.15, except now we assume that the man remains at either endpoint when-
ever he reaches there. This is also a Markov chain and the transition matrix is
given by

ap @ az a3 a4 Gg

a, 1 0 0 0 0 O
ay g 0 » 0 0 O
P _ G 0 ¢ 0 p»p 0 0
a3 { 0 0 g 0 » O
ay 0O 0 0 q 0 p
as \0 0 0 0 0 1

We call this process a random walk with absorbing barriers, since the a, and
ay are absorbing states. In this case, p‘;") denotes the probability that the man
reaches the state a, on or before the nth step. Similarly, ps(") denotes the proba-
bility that he reaches the state as on or before the nth step.

A player has, say, ¥ dollars. He bets one dollar at a time and wins with probability
p and loses with probability ¢ =1—p. The game ends when he loses all his
money, i.e, has 0 dollars, or when he wing N — 2z dollars, i.e. has N dollars. This
game is identical to the random walk of the preceding example except that here
the absorbing barriers are at 0 and N.
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Example 724: A man tosses a fair coin until 3 heads occur in a row. Let X, =k if, at the nth
trial, the last tail occurred at the (n — k)-th trial, i.e. X, denotes the longest string
of heads ending at the nth trial. This is a Markov chain process with state space
{ag, a4, as, a3}, where a; means the string of heads has length 7. The transition
matrix is

g Ay @y O

R + £

Each row, except the last, corresponds to the fact that a string of heads is
either broken if a tail occurs or is extended by one if a head occurs. The last
line corresponds to the fact that the game ends if three heads are tossed in a row.
Note that ag is an absorbing state.

Let a; be an absorbing state of a Markov chain with transition matrix P. Then, for
7 #= i, the n-step transition probability pé"’ =0 for every n. Accordingly, every power of
P has a zero entry and so P is not regular. Thus:

Theorem 7.8: If a stochastic matrix P has a 1 on the main diagonal, then P is not regular
(unless P is a 1 X 1 matrix).

Solved Problems

MATRIX MULTIPLICATION

1 3 -1
71. Let u=(1,-2,4) and A =0 2 5. Find %A.
4 1 6

The product of the vector # with 3 components by the 3 X 3 matrix A is again a vector with 3
components. To obtain the first component of x4, multiply the elements of u by the corresponding
elements of the first column of A and then add:

To obtain the second component of A, multiply the elements of u by the corresponding elements of
the second column of A and then add:

To obtain the third component of uA, multiply the elements of » by the corresponding elements of
the third column of A and then add:

Ay
K
4

E S A B S S AR N R S B £ PR £+
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72, Let A =1 3\ and B = (%2 04\ Fina (i) 4B, (ii) BA.
2 -1 3 -2 6

(i) Since A is 2x 2 and B is 2 X 8, the product AB is a 2 X 8 matrix. To obtain the first row of
AB, multiply the elements of the first row (1, 3) of A by the corresponding elements of each of

2 -
the columns <3> , (_g) and ( :) of B and then add:

Pressa ot

»

P2

To@ b He Bviegd b Ee8y {;3 ~F Y
3 wi +

s
& &

To obtain the second row of AB, multiply the elements of the second row (2 —1) of A by the
corresponding elements of each of the columns of B and then add:

2 S AR E IR X N S SRR U I R T R I O A 3N %
*u,

f3 =8 3

i00% L&

(ii) Note B is 2X 8 and A is 2 X 2. Since the “inner numbers” 3 and 2 are not equal, i.e. the num-
ber of columns of B is not equal to the number of rows of A, the product BA is not defined.

e

Thus An

W

" ,r.-\-,-..-.‘ .
et

73. Let A = <i _§> Find (i) 4°, (ii) 4%

vae (0
<

_ 141 +2-4 1-2+2+(—3) B 9 —4
4°1+4(—3)+4 4.2+ (—3)-(-3)/ = \-8 17
(i) A% = AA2 = (! 2>< 9 _4>
4 -3/\—-8 17
1°9 + 2+ (—8) 1(—4) + 217 [T 3o>
49 + (—=8)+(—=8) 4+(—4) +(-3)-17/ ~ \60 —67

PROBABILITY VECTORS AND STOCHASTIC MATRICES
7.4. Which vectors are probability vectors?

Hu=@0-44d), ()v=304%4 3, (i) w=(30047%).
A vector is a probability vector if its components are nonnegative and their sum is 1.
(i) u is not a probability vector since its third component is negative,
(ii) v is not a probability vector since the sum of the components is greater than 1.
(iii) e is a probability vector since the components are nonnegative and their sum is 1.

7.5. Multiply each vector by the appropriate scalar to form a probability vector:
() (2,1,0,2,3), (i) (4,0,1,2,0,5), (iii) (3,0, -2,1), (iv) (0, 0,0, 0, 0).

(i) The sum of the components is 2+ 1+ 0+ 3+ 2 = 8; hence multiply the vector, i.e. each
component, by 1 to obtain the probability vector 4,30, 1 8.
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7.6.

7.7.

7.8.

7.9.

(ii) The sum of the componentsis 4 + 0+ 1+ 2+ 0+ 6 = 12; hence multiply the vector, i.e. each
component, by Jl- to obtain the probability vector (.0, o 3,0, z)

(iii) The first component is positive and the third is negative; hence it is impossible to multiply the
vector by a scalar to form a vector with nonnegative components. Thus no scalar multiple
of the vector is a probability vector.

(iv) Every scalar multiple of the zero vector is the zero vector whose components add to 0. Thus
no multiple of the zero vector is a probability vector.

Find a multiple of each vector which is a probability vector:
(1) 3, %0,2,8), (i) (0,% 1, & 8).
In each case, first multiply each vector by a scalar so that the fractions are eliminated.
(i)  First multiply the vector by 6 to obtain (3,4,0,12,5). Then multiply by 1/(3+4+0+12+5) =
3l to obtain (},3,0,4,-%) which is a probability vector.
(ii) First multiply the vector by 30 to obtain (0,20, 30,18, 25). Then multiply by 1/(0+ 20+ 30 +
20 30 18 25

18 +25) = & to obtain (0,22, 53, g3» 53) Which is a probability vector.

Which of the following matrices are stochastic matrices?

) A4 = @ ﬁ i) (i) B = <‘—; 1;“> (iii) C = G :) (iv) D = @ _£>.

(i) A is not a stochastie matrix since it is not a square matrix.

(ii) B is not a gtochagtic matrix since the sum of the components in the last row is greater than 1.
(iii) C is a stochastic matrix.

(iv) D is not a stochastic matrix since the entry in the first row, second column is negative.

a b
Let A = |az bz c2| be a stochastic matrix and let u = (w1, uz, %s) be a proba-
as bs €3

bility vector. Show that #A is also a probability vector.

a b o
ud = (up U ug) | @a by ¢y | = (uaq + Usttg + ugtg, U by + ugby + ugbs, u e, + uxcs + uscs)
ag by ey

Since the u;, a;, b; and ¢; are nonnegative and since the products and sums of nonnegative
numbers are nonnegative, the components of #A are nonnegative as required. Thus we only need
to show that the sum of the components of uA is 1. Here we use the fact that u; + uy + u,
@, + b; + ¢;, @y + by + ¢5 and az + by + ¢3 are each 1:

U0y + ugty + ugaz + ub; + usby + ugby + ue; + usCy + uzey

uy{ay + byt e)) + uslag+ by +cg) + uslag + by +cy)

I

ol + Uyl + u3rl = u; +uytuy = 1

Prove: If A = (ay) is a stochastic matrix of order n and % = (us, %z, ..., %) is a
probability vector, then uA is also a probability vector.

The proof is similar to that of the preceding problem for the case n = 3:
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Qyp Qg9 Tin
WA = ()| T o
Qpy  Ong Qun

= (U@ tuglyy ottt Uy, UgBp t Uglgy + T UBg, L, Uil + Uglon + 0 F Uplng)

Since the u; and a;; are nonnegative, the components of uA are also nonnegative. Thus we
only need to show that the sum of the components of u4 is 1:

Uglyy + Uglgy + o0+ Uplpy + Uy + Uglog + 100 F U + v Uy, Uy, + o+ UL,
= wlag t @t ot ag,) + o ug(@ay taget o tag) oo+ uglag F et tay,)
= uy*ltugl+ - tu,*1l = uyytu+---+u, =1

7.10. Prove Theorem 7.2: If A and B are stochastic matrices, then the product 4B is a
stochastic matrix. Therefore, in particular, all powers 4® are stochastic matrices.

The ith-row s; of the product matrix AB is obtained by multiplying the ith-row »; of A by
the matrix B: s, = r,B. Since each r; is a probability vector and B is a stochastic matrix, by
the preceding problem, s; is also a probability vector. Hence AB is a stochastic matrix.

7.11. Prove: Let p = (p1,P2 -..,P=) be a probability vector, and let 7 be a matrix
whose rows are each the same vector ¢ = (£, ¢, ...,tm). Then pT =1t.

Using the fact that p; +py,+--- +p,, =1, we have

it i
4t ¢
pT = Py om0 "
iy tm

D18y + Doty 4+ - - + Pty Pata tPolat+ 0+ Dby oy Dot + Dabn + 00 F Ppytiy)

i

((P1+P2+"'+Pm)t1:(P1+P2+"'+Pm)t2,---,(P1+P2+"'+Pm)tm)
Aety, 1oty oo, 108,) = (B, 85 -0 ty) = ¢

Il

REGULAR STOCHASTIC MATRICES AND FIXED PROBABILITY VECTORS
3
7.12. Find the unique fixed probability vector of the regular stochastic matrix 4 =<4 i> .
What matrix does 4" approach? 3
We seek a probability vector ¢ = (z,1 —z) such that 4 = ¢:

(x,1—z)<§ i> = (x,1—2)

Multiply the left side of the above matrix equation and then set corresponding components equal
to each other to obtain the two equations

Sr+3—dx = ¢ jx+3-—dx = 1-«

Solve either equation to obtain x# = %. Thus ¢t = (%,4) is the required probability vector.
Check the answer by computing the product tA:

@&HE A = gerrity = @b
<%%> F44 343 34

The answer checks since t4 = ¢t.

The matrix An approaches the matrix T whose rows are each the fixed point ¢t: T = <§ %> .

4
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7.13.

7.14.

(i) Show that the vector u = (b,a) is a fixed point of the general 2 X 2 stochastic

. l1—a a
matrix P —< b 1—b>°

(ii) Use the result of (i) to find the unique fixed probability vector of each of the

following matrices:
A (R (b _ (71 3
1 0 $ 3 8 2
> = (b—ab+ab, abta-—-ab) = (b,a) = u

1—a a
b 1—-0b
(ii) By (i), »=(1,%) is a fixed point of A. Multiply « by 3 to obtain the fixed point (3,2) of A
which has no fractions. Then multiply (3,2) by 1/(8 +2) = 1 to obtain the required unique
fixed probability vector (£, £).
By (i), u = (§,4) is a fixed point of B. Multiply u« by 6 to obtain the fixed point (4, 3),
and then multiply by 1/(4+3)=1 to obtain the required unique fixed probability vector
, 3).
By (i), » =(.8,.3) is a fixed point of C. Hence (8,3) and the probability vector (1—81, ia—l)
are algo fixed points of C.

() wP = (b,a)(

Find the unique fixed probability vector of the regular stochastic matrix

+ 1 1
P = |3 0 %
0 1 0
Method 1. We seek a probability vector t = (z,y,1 —2 —y) such that tP = ¢
11
(,y,1—z—y)[4 0 3| = (xy,1—z—y)
01 0

Multiply the left side of the above matrix equation and then set corresponding components equal
to each other to obtain the system of three equations

xt+dy = = x—y =0
Irtl—x—-—y =y or 3z + 8y =
jx+dy = 1—-xz—y bx + 6y =

Choose any two of the equations and solve for x and y to obtain = = ,4—1 and y = ;. Check the

golution by substituting for z and y into the third equation. Since 1 —z — y ;1> the required
fixed probability vector is ¢ = (ﬁ, 14—1, %).

Method 2. We seek any fixed veetor u = (z,%,z) of the matrix P:
+ 14

(zy,2)|3 0 %] = (z,4,2
010

Multiply the left side of the above matrix equation and set corregponding components equal to each
other to obtain the system of three equations

ixr+dy = = z—y = 0
xtz =y or z—4dy+4z = 0
ix{-%y:z x+ 2y — 4z
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7.15.

7.16.

7.17.
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We know that the system has a nonzero solution; hence we can arbitrarily assign a value to one
of the unknowns. Set y = 4. Then by the first equation xz = 4, and by the third equation z = 3.
Thus u = (4,4,3) is a fixed point of P. Multiply « by 1/(4+4+3) = -11—1 to obtain ¢t = %1“ =

(14_1, i4‘1" %) which is a probability vector and is also a fixed point of P.

Find the unique fixed probability vector of the regular stochastic matrix

0 1 0
P = [+ 3 4
0 % 4

What matrix does P* approach?
We first seek any fixed vector u = (z,¥,2) of the matrix P:
01 0
(z, ¥, z) 3 %) = (z, ¥, 2)
0 % %

Multiply the left side of the above matrix equation and set corresponding components equal to
each other to obtain the system of three equations

== y = 6z y = 6z
zt+iy+ %2 = y or 6x + 3y + 42 = 6y or 6x + 4z = 3y
%‘y'{'%‘z:z y+z = 3z y = 2z

We know that the system has a nonzero solution; hence we can arbitrarily assign a value to one
of the unknowns. Set x = 1. Then by the first equation ¥y = 6, and by the last equation z = 3. Thus
u = (1,6,8) is a fixed point of P. Since 1+ 6+ 3 = 10, the vector t = (g, %, %) is the
required unique fixed probability vector of P,

1
10

6
10

Pn approaches the matrix T whose rows are each the fixed point ¢t: 7T = [ 4 & 3
8

1
160 10 19

If t=(4,0,4,4,0) is a fixed point of a stochastic matrix P, why is P not regular?

If P is regular then, by Theorem 7.8, P has a unique fixed probability vector, and the
components of the vector are positive. Since the components of the given fixed probability vector
are not all positive, P cannot be regular,

Which of the following stochastic matrices are regular?

PO 11 0 0 1
(i)A=<0 1) (ii)B=<(1) ;) Ggi)c={0 1 o| (@vyD =% 1 %
3 3+ 0 0 1 0

Recall that a stochastic matrix is regular if a power of the matrix has only positive entries.

(i) A is not regular since there is a 1 on the main diagonal (in the second row).
0 1\/0 1\ /1 ¢
1 o/\1 o/ \o0 1

1 0\/0 1 01
3 = = =
=00 0)=04) ="

Thus every even power of B is the identity matrix I and every odd power of B is the matrix B,
Accordingly every power of B has zero entries, and so B is not regular.

(ii) B2 the identity matrix I
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(ili) C is not regular since it has a 1 on the main diagonal.

0 1 0 1}}}
(ivi D* = |4 %5 T6| and D3 = (4 & &
¥} 1 % P S T

Since all the entries of D3 are positive, D is regular.

MARKOV CHAINS

7.18.

7.19.

A student’s study habits are as follows. If he studies one night, he is 70% sure not
to study the next night. On the other hand, if he does not study one night, he is 60%
sure not to study the next night as well. In the long run, how often does he study?

The states of the system are S (studying) and T (not studying). The transition matrix is
S T

S 3 T
P =
> (3 %)
To discover what happens in the long run, we must find the unique fixed probability vector ¢ of P.
By Problem 7.13, » = (4,.7) is a fixed point of P and so ¢t = (%,%) is the required proba-
bility vector. Thus in the long run the student studies ﬁ of the time.

A psychologist makes the following assumptions concerning the behavior of mice
subjected to a particular feeding schedule. For any particular trial 80% of the mice
that went right on the previous experiment will go right on this trial, and 60% of
those mice that went left on the previous experiment will go right on this trial. If
50% went right on the first trial, what would he predict for (i) the second trial,
(ii) the third trial, (iii) the thousandth trial?

The states of the system are R (right) and L (left). The transition matrix is
R L

R /8 2
Po= L(.G .4>

The probability distribution for the first trial is p = (b,.6). To compute the probability
distribution for the next step, i.e. the second trial, multiply p by the transition matrix P:

8 .2\ _
(-5, .5) <'6 '4> = (7,.3)

Thus on the second trial he predicts that 70% of the mice will go right and 30% will go left. To
compute the probability distribution for the third trial, multiply that of the second trial by P:

8 .2\
.7, .3)<'6 .4> = (74, .26)

Thus on the third trial he predicts that 74% of the mice will go right and 26% will go left.

We assume that the probability distribution for the thousandth trial is essentially the
stationary probability distribution of the Markov chain, i.e. the unique fixed probability vector ¢
of the transition matrix P. By Problem 7.13, u = (.6,.2) is a fixed point of P and so
t =(4,1) = (.75,.25). Thus he predicts that, on the thousandth trial, 76% of the mice will go to
the right and 256% will go to the left.
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Given the transition matrix P = 1 g with initial probability distribution

3
p® = (},%). Define and find: (i) p®, (ii) p*®, (iif) p®.

(i) p(;i) is the probability of moving from state a, to state a; in 3 steps. It can be obtained from
the 3-step transition matrix P3; hence first compute P3:

1 0 1 0
") )
21 i %
Then p;“:) is the entry in the second row first column of P3; pg) = %

(ii) p@ is the probability distribution of the system after three steps. It can be obtained by
successively computing p(1?, p® and then p):

D = p®P = (},3) (; g) = &b
p® = pMP = (3§ (; g) = &d
o = e = G} D) = dw

However, since the 3-step transition matrix P has already been computed in (i), p® can also
be obtained as follows:

p® = pOpP3 = (4, §)<§ g) = Gt

(iil) p(23) is the probability that the process is in the state a, after 3 steps; it is the second com-
ponent of the 3-step probability distribution p®): p(28) = 15

0 1 1

Given the transition matrix P = |4 4 0] and the initial probability distribution
0 1 0

p®=(%,0,4). Find: (i) p{2 and p{¥, (ii) p** and p{P, (iii) the vector that p®@pP*

approaches, (iv) the matrix that P* approaches.

(i) First compute the 2-step transition matrix P2

0 % $\jo ¢ & 110
Pro= 13 d 0f{3 Fo) = [} 4}
01 0/\0 1 o + 30

Then p%’ =4 and pﬁ) = (0, since these numbers refer to the entries in P2,

(ii) To compute p¥), use the 2-step transition matrix P2 and the initial probability distribution
p(O):
P = p®P2 = (},4,0) and p@® = p®P2 = ({, {5 })

Since p(a‘*’ is the third component of p4), p(;) =4

(iii) By Theorem 7.3, p®P» approaches the unique fixed probability vector ¢ of P. To obtain ¢,
first find any fixed vector u = (=,y,2):
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7.22.

723.

0 i i %?l=:t
(=, ¥, 2) 3 3 0 = (=¥, 2) or Iz+iy+z =y
01 0 3z = 2

Find any nonzero solution of the above system of equations. Set z = 1; then by the third
equation ¥ = 2, and by the first equation y = 4. Thus u = (2,4,1) is a fixed point of P and so
t= (%% 4. In other words, p(®Pn» approaches (%, E Y

(iv) Pn» approaches the matrix T whose rows are each the fixed probability vector of P; hence

$ 4

Pn approaches (£ % 4 |.

LR B |

A salesman’s territory consists of three cities, A, B and C. He never sells in the
same city on successive days. If he sells in city A, then the next day he sells in
city B. However, if he sells in either B or C, then the next day he is twice as likely
to sell in city A as in the other city. In the long run, how often does he sell in each
of the cities?

The transition matrix of the problem is as follows:

A B C

A 0 1 0

P = B[} 0 %

cC \$& L o0

We seek the unique fixed probability vector ¢ of the matrix P. First find any fixed vector
u = (z,¥, 2):
= y,2)|3 0 %| = (@2 or etz =y
B0 b= 2

Set, say, z = 1. Then by the third equation y =3, and by the first equation = =§. Thus
u=(3381). Also 3u = (8,9,8) is a fixed vector of P. Multiply 8u by 1/(8 +9+38) = & to
obtain the required fixed probability vector ¢ = (%,%,%) = (.40, .45, .16). Thus in the long
run he sells 40% of the time in city A, 45% of the time in B and 15% of the time in C.

There are 2 white marbles in urn A and 3 red marbles in urn B. At each step of
the process a marble is selected from each urn and the two marbles selected are
interchanged. Let the state a; of the system be the number i of red marbles in urn A.
(i) Find the transition matrix P. (ii) What is the probability that there are 2 red
marbles in urn A after 3 steps? (iii) In the long run, what is the probability that
there are 2 red marbles in urn A?

(i) There are three states, a,, a, and a, desecribed by the following diagrams:
2w 3R 1w 1w 2R 2 W
{1 R 2R 1R
A B A B A B
Qg ay 1%

If the system is in state @y, then a white marble must be selected from urn A and a red
marble from urn B, so the system must move to state @,. Accordingly, the first row of the
transition matrix is (0, 1, 0).
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Suppose the system is in state a;. It can move to state o, if and only if a red marble is
selected from urn A and a white marble from urn B; the probability of that happening is
3+4=1%. Thus p;p=3%. The system can move from state a, to a, if and only if a white
marble is selected from urn A and a red marble from urn B; the probability of that happening
is 42= 4. Thus p; = L. Accordingly, the probability that the system remains in state
ayis pyy; =1—%—4 = 4. Thus the second row of the transition matrix is (},4,%). (Note
that p,; can also be obtained from the fact that the system remains in the state a, if either
a white marble is drawn from each urn, probability %4 = 3, or a red marble is drawn
from each urn, probability 4<% = %: thus pjy =3+ =4)

Now suppose the system is in state a,. A red marble must be drawn from urn A. If a
red marble is selected from urn B, probability §, then the system remains in state ay; and if
a white marble is selected from urn B, probability §, then the system moves to state a,. Note
that the system can never move from state a, to the state a,. Thus the third row of the transi-
tion matrix is (0, %, }). That is,

Qo Q1 Qg

ay 0 1 0
P = o [} % 3
(2] 0 § %‘

(ii) The system began in state a,, i.e. p® = (1,0,0). Thus:
— — _ — _ _ 41 23 5
p® = pOP = (0,1,0), p® = p®P = (},4,4), »® = p¥P = (5, B 2

Accordingly, the probability that there are 2 red marbles in urn A after 3 steps is %.

(ili) We seek the unique fixed probability vector ¢ of the transition matrix P. First find any fixed
vector u = (x,y, 2):
01 0 by = =
©y2|3 3 ) = (@wy2 or rtdy+§z =y

0 % % y+4z = =

Set, say, z = 1. Then by the first equation y = 6, and by the third equation z = 3. Hence
u=(1,6,3). Multiply » by 1/(1+6+3) = 1—15 to obtain the required unique fixed proba-
bility veetor ¢ = (.1,.6,.3). Thus, in the long run, 30% of the time there will be 2 red marbles
in urn A.

Note that the long run probability distribution is the same as if the five marbles were
placed in an urn and 2 were selected at random to put into urn A.

7.24. A player has $2. He bets $1 at a time and wins $1 with probability 4. He stops play-
ing if he loses the $2 or wins $4. (i) What is the probability that he has lost his money
at the end of, at most, 5 plays? (ii) What is the probability that the game lasts
more than 7 plays?

This is a random walk with absorbing barriers at 0 and 6 (see Examples 7.22 and 7.23). The
transition matrix is

Gy Oy Q3 Q3 Q4 U5 Og

ag 1 0 0 0 0 0 0

a,; % 0 % 0o 0 0 o0

P = a4 0 0 % 0 % 0 0
0y 0 0 0 % 0 % 0

as 0 0 0 0 % 0 %

ag 0 0 0 0 0 0 1

with initial probability distribution »(® = (0,0,1,0,0,0,0) since he began with $2.
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7.25.

7.26.

(i) We seek pf)ﬁ, the probability that the system is in state a, after five steps. Compute the
bth step probability distribution p¢®:

PV = p®OP = (0,4,0, 1.0,0,0 p® = p®P = (3,0, £ 0,10, 54)
p@ = pMP = (},0,4,0,%,0,0 P = pOP = (§, 5,0, 8,0, 4, )
p® = p@P = (1,1,0,4,0,40)

Thus p0(5’, the probability that he has no money after 6 plays, is §.

ii (7): pB) = KRS P =~ —_ — (29 2
(ii) Compute p(™: p PP P = (23,0, 7, 0,13,0,3). p = p®P = (&, 6%, O,é,o, I%’é)

The probability that the game lasts more than 7 plays, i.e. that the system is not in state

. 7 27 13 __ 27
a, Q 64 7 128 ' 128  6a
o or ag after 7 steps, is g + 50+ 55 = &

Consider repeated tosses of a fair die. Let X, be the maximum of the numbers
occurring in the first = trials.

(i) Find the transition matrix P of the Markov chain. Is the matrix regular?
(ii) Find p'’, the probability distribution after the first toss.

(iii) Find p® and p®.

(i) The state space of the Markov chain is {1,2,3,4,5,6}. The transition matrix is

2 3 4 b 6

- S R S
© O O Ok =
© o O O The ook
S O Ok o= o
O © o o ok e
© ok o= G o o
S T O obe Obe

6 0 0 1

We obtain, for example, the third row of the matrix as follows. Suppose the system is in
state 3, i.e. the maximum of the numbers occurring on the first » trials is 3. Then the
system remains in state 3 if a 1, 2, or 3 occurs on the (n+1)-st trial; hence pgg = #. On the other
hand, the system moves to state 4, 5 or 6, respectively, if a 4, b or 6 occurs on the (n -+ 1)-st trial;
hence pgq = P3; = Pas = 3. The system can never move to state 1 or 2 since a 3 has occurred
on one of the trials; hence py; = P3s = 0. Thus the third row of the transition matrix is
(0,0,%, % % 3. The other rows are obtained similarly.
The matrix is not regular since state 6 is absorbing, i.e. there is a 1 on the main diagonal

in row 6.

(i) On the first toss of the die, the state of the system X, is the number occurring; hence
" =¢%LLELED

3 5 7 8 1 B — p2yp — (L _7T 18 37 61 981
p® = pBP = (55, 515 516 216° 216" 218)

Two boys b; and b, and two girls g: and g. are throwing a ball from one to the other.
Each boy throws the ball to the other boy with probability and to each girl with
probability 3. On the other hand, each girl throws the ball to each boy with
probability 4 and never to the other girl. In the long run, how often does each
receive the ball?

This is a Markov chain with state space {b, b, ¢, 92} and transition matrix

by b 91 9

O ke OO
S O B o
D O B



146 MARKOV CHAINS [CHAP. 7

We seek a fixed vector u = (z,y,z,w) of P: (z,y,2,w)P = (z,y,z,w). Set the corresponding
components of «P equal to u to obtain the system

Wt izt iw = 2
3z + izt 4w = y
e+ Lty = =z
et ly = w
We seek any nonzero solution. Set, say, z=1; then w=1, =2 and y =2. Thus u = (2,2,1,1)
»4>%). Thus, in the long run, each boy
i

and so the unique fixed probability of P is ¢t = (},}
t

receives the ball 1 of the time and each girl } of the time.

7.27. Prove Theorem 7.6: Let P = (py) be the transition matrix of a Markov chain.
If p=(p) 1is the probability distribution of the system at some arbitrary time Fk,
then pP is the probability distribution of the system one step later, i.e. at time &k + 1;
hence pP" is the probability distribution of the system n steps later, i.e. at time

k +mn. In particular, p = pOP, p®@ =pWP, ... and also p™ = p@pPr,
Suppose the state space is {a;, ay,...,a,}. The probability that the system is in state ¢; at

time k and then in state a; at time £+ 1 is the product p;p;. Thus the probability that the system
is in state a; at time k + 1 is the sum

PPyt Do + 0t PPy =

YE

P3P

[
il

1
Thus the probability distribution at time k + 1 is

m m m
p* = <E P;P;1 E PPy .- > pjpjm>
i=1 i=1 i=1

However, this vector is precisely the product of the vector p = (p;) by the matrix P = (p;): p* = pP.

7.28. Prove Theorem 7.5: Let P be the transition matrix of a Markov chain. Then the
n-step transition matrix is equal to the nth power of P: P®™ = Pn,

Suppose the system is in state a; at, say, time k. We seek the probability plﬁj") that the system

is in state a; at time k¥ +n. Now the probability distribution of the system at time k, since the
system is in state a;, is the vector ¢, =(0,...,0,1,0,...,0) which has a 1 at the ith position
and zeros everywhere else. By the preceding problem, the probability distribution at time k+n
is the product ¢;P". But ¢; P iz the ith row of the matrix P» Thus Pi(j") is the jth component
of the ith row of P7, and so P{®») = Pn,

MISCELLANEOUS PROBLEMS

7.29. The transition probabilities of a Markov chain can be represented by a diagram,
called a transition diagram, where a positive probability py is denoted by an arrow
from the state a; to the state a;, Find the transition matrix of each of the following
transition diagrams:

. }
, a/\a/)%
1
7\ N/
!
}
2\i/aa:>%

) (i)
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(i) Note first that the state space is {a,,a; a5} and so the transition matrix is of the form
ay ay as
ay
P = a,
as
The ith row of the matrix is obtained by finding those arrows which emanate from a; in the
diagram; the number attached to the arrow from g; to a; is the jth component of the ith row.
Thus the transition matrix is
a; az dag
a, 0 0 1
P = a |3 3
a; \3 0 3}
(ii) The state space is {a,, @5, a3, a4}. The transition matrix is
ay ap; a3 a4
aq 0 ‘.} 0 %
a 0o 4 0 1
b @[O0 3 03
a3 | ¥ 0 0 4
ay o0 0 1 0
7.30. Suppose the transition matrix of a Markov chain is as follows:
a adz az Qa4
a /¥ 4+ 0 0
[25] % % 0 0
P =
as i: 1 i i
as \} 1 % 1

731

Is the Markov chain regular?

Note that once the system enters the state a; or the state a,, then it can never move to
state ag or state ay, i.e. the system remains in the state subspace {¢;,a;}. Thus, in particular,
pi;) =0 for every n» and so every power Pn will contain a zero entry. Hence P is not regular.

Suppose m points on a circle are numbered respectively 1,2, ...,m in a counterclock-
wise direction. A particle performs a “random walk” on the circle; it moves one
step counterclockwise with probability » or one step clockwise with probability
g =1—p. Find the transition matrix of this Markov chain.

used to obtain the

The state space is {1,2,...,m}. The diagram to the right below can be
transition matrix which appears to the left below.

1 2 3 4 m—2 m—1 m
1 0 P 0 0 q
2 q 0 P 0 0 .
p - 3 0 q 0 P 0 0 0 .
.................................................... e
m—1 \ 0 0 0 q 0 P
m P 0 0 0 q 0
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Supplementary Problems

MATRIX MULTIPLICATION

1 -2 3
7.32. Given A =<4 1 —1>. Find ud if (1) w=(1,-38,2), (i) »=(3,0,—2), (iii) » = (4,~1, —1).

5 2 3
1 -1 4 2 1
733. Given A = <3 1 5) and B =| 6 —3>. Find AB and BA.
1 -2

2

2
i 2 3
3 —l>' Find A2 and AS.

7.34. Given A =<

1

2
. Find An.
0 l> in

7.35. Given A = <

PROBABILITY VECTORS AND STOCHASTIC MATRICES
7.36. Which vectors are probability vectors?

O & 44 a) &Goddd (i) (#4350

7.37. Find a scalar multiple of each vector which is a probability vector:

i (3,0,2,53) @) (24,0,4,4,0,1) (i) (},24,0,1,%).
7.38. Which matrices are stochastic?
. 01 0 .. 0 1 . 3 3 0 1
() < ) (i) <1 °> (i) < ) (iv) < ) ) < )
3+ 11 0 1 31 3 3 -1 3

REGULAR STOCHASTIC MATRICES AND FIXED PROBABILITY VECTORS
7.39. Find the unique fixed probability vector of each matrix:

o) @l wEY w )

0 %}
740. (i) Find the unique fixed probability vector tof P = |1 4 0
1 0

(ii) What matrix does P" approach? (iii) What vector does (1, }, )P approach?

7.41. Find the unique fixed probability vector t of each matrix:

0 % 4 01 0
@A=[4 30| G)YB=|[} 0}
010 i 14

7.42. (i) Find the unique fixed probability vector t of P =
(ii) What matrix does P" approach?
(iii) What vector does (4,0, 4, })P" approach?
(iv) What vector does (4, 0, 0, 4)P* approach?

[SEE-IN T
= O e g
OO O
[l -]
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7.43.

7.44.

7.45.

(i) Given that ¢t = (1,0,1,1) is a fixed point of a stochastic matrix P, is P regular?
(ii) Given that ¢t = (,4,4.1) is a fixed point of a stochastic matrix P, is P regular?

Which of the stochastic matrices are regular?

P11 1 30 0 0 1
@0 1 o) ()[4 & of Gi) [§ 0 &
104 113 0 10

Show that (cf + ce + de, af + bf + ae, ad + bd + bc) is a fixed point of the matrix

1—a-—5b a b
P = c 1—c—d d
e f 1—e—f

MARKOV CHAINS

7.46.

7.47.

7.48.

7.49.

7.50.

7.51.

7.52.

A man’s smoking habits are as follows. If he smokes filter cigarettes one week, he switches to
nonfilter cigarettes the next week with probability .2. On the other hand, if he smokes nonfilter
cigarettes one week, there is a probability of .7 that he will smoke nonfilter cigarettes the next week
as well. In the long run, how often does he smoke filter cigarettes?

A gambler’s luck follows a pattern. If he wins a game, the probability of winning the next game
is .6. However, if he loses a game, the probability of losing the next game is .7. There is an
even chance that the gambler wins the first game.

(i) What is the probability that he wins the second game?

(ii) What is the probability that he wins the third game?

(iti) In the long run, how often will he win?

3
For a Markov chain, the transition matrix is P = <% i with initial probability distribution

p© = (4,4). Find: (i) p(221); (ii) pg); (iii) p®; (v) p(12); (v) the vector p®Pr= approaches;
(vi) the matrix P" approaches,

04
For a Markov chain, the transition matrix is P = (1 0 0] and the initial probability dis-

BN

tribution is p‘® = (4,4,0). Find (i) pig), (ii) pg), (iii) p®, (iv) p(lz).

Each year a man trades his car for a new car. If he has a Buick, he trades it for a Plymouth.

If he has a Plymouth, he trades it for a Ford. However, if he has a Ford, he is just as likely to

trade it for a new Ford as to trade it for a Buick or a Plymouth. In 1955 he bought his first car

which was a Ford.

(i) Find the probability that he has a (a) 1957 Ford, (b) 19567 Buick, (¢) 1958 Plymouth,
(d) 1958 Ford.

(ii) In the long run, how often will he have a Ford?

There are 2 white marbles in urn 4 and 4 red marbles in urn B, At each step of the process a
marble is selected from each urn, and the two marbles selected are interchanged. Let X, be the
number of red marbles in urn A after » interchanges. (i) Find the transition matrix P. (ii) What
is the probability that there are 2 red marbles in urn A after 3 steps? (iii) In the long run, what
is the probability that there are 2 red marbles in urn A?

Solve the preceding problem in the case that there are 3 white marbles in urn A and 3 red marbles
in urn B.
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7.53. A fair coin is tossed until 3 heads occur in a row. Let X, be the length of the sequence of heads
ending at the nth trial. (See Example 7.24.) What is the probability that there are at least
8 tosses of the coin?

7.54. A player has 3 dollars. At each play of a game, he loses one T
dollar with probability § but wins two dollars with probability }.
He stops playing if he has lost his 8 dollars or he has won at
least 3 dollars. 2 ﬂ 1
(i) Find the transition matrix of the Markov chain,
(ii) What is the probability that there are at least 4 plays to
the game? "

755. The diagram on the right shows four compartments with doors
leading from one to another. A mouse in any compartment is 3 4

equally likely to pass through each of the doors of the compart-
ment. Find the transition matrix of the Markov chain.

MISCELLANEOUS PROBLEMS
7.56. Find the transition matrix corresponding to each transition diagram:

%QAQ& alr_%\aQé

\V/
¢!

@ (i)

7.57. Draw a transition diagram for each transition matrix:
a4 ag a3

o [0 %
@) p = (é %> (ii) P = |} t 4
“ Mg a \o § 3

7.58. Consider the vector e¢; = (0, ...,0,1,0,...,0) which has a 1 at the ith position and zeros elsewhere.
Show that ¢;A is the ith row of the matrix A (whenever the product is defined).

Answers to Supplementary Problems

732, (i) (—1,—1,12), (i) (=7, —10,8), (iii) (~5,—11,10)

o —4 5 -1 13
733. AB = <17 —1o>’ BA =[-8 -9 9
-6 -3 —6

10 2 26 18
734, A2 = , A3 =

1 22
35, Am =
e an = (1)

7.36. Only (iii).
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7.371. (i) (3/18,0, 2/183, 5/13, 3/13)
(ii) (8/18, 2/18, 0, 1/18, 3/18, 0, 4/18)
(iii) (4/45, 24/45, 6/45, 0, 3/45, 8/45)

7.38.  Only (ii) and (iv).
7.39. (i) (6/11,5/11), (i) (1019, 9/19), (iii) (5/13, 8/13), (iv) (3, )
740. (i) t = (4/13,8/18,1/13), (i) t = (4/13, 8/13, 1/13)

741, (i) t = (2/9,6/9,1/9), (i) t = (5/15, 6/15, 4/15)

742, (i) t = (2/11, 411, 1/11, 4/11), (iii) ¢, (Qv) ¢

1 0 00
01 00
43 . . (if) not ily, e.g. _
743 (i) No, (ii) not necessarily, e.g. P 00 1 0
744. Only (iii) 0 0 01

7.46.  60% of the time

7.47. (i) 9/20, (ii) 87/200, (iii) 3/7 of the time

748. (i) 9/16, (ii) 3/8, (iii) (37/64, 27/64), (iv) 37/64, (v) (.6,.4), (vi) <g '4>
749. (i) 8/8, (ii) 1/2, (iii) (7/16, 2/16, 7/16), (iv) 7/16

7.50. (i) (@) 4/9, (b) 1/9, (c) 7/27, (d) 16/27. (ii) 50% of the time

0 1 0
75 () P = (& ¥ g) (ii) 3/8 (iii) 2/5
0 % 1
0100
o, |8 %0 .
152 () P = P (i) s2/81 (i) 9/20
0 0 1 0
7.53. 81/128
100 00 0 0
2 001000
0§ 0031 00
75. @ P=| 0 0 % 0 0 } 0 (i) 27/64
000 3% 00 1
0000 3 01
0 00 00 0 1
0 3 0 % 001 0
3 30
_ |3 o 30 . R I
755. P = 010 3 756. () (0 % § (ii) 10 03
y 030 114 31 200
757. (i) 3 (ii) a,
%< :ﬂq"—_\ﬂq *
3 3
3



Absorbing state, 134
Algebra of sets, b

Bayes’ theorem, 56
Bernoulli distribution, 106
Binomial

coefficients, 19

theorem, 19, 27
Binomial distribution, 1056
Birthday problem, 43

C(n,7), 21

Cells, 5

Central limit theorem, 108

Certain event, 38

Chain (Markov), 130

Class of sets, 5

Column of a matrix, 126

Combinations, 21

Combinatorial analysis, 16

Complement of a set, 2

Component of a vector, 126

Conditional probability, 54
function, 63

Contained, 1

Continuous random variable, 84

Correlation, 80

Countable sets, 4

Countably infinite, 4

Counting, 16

Covariance, 80

Cumulative distribution function, 85

De Morgan’s laws, 3
Density function, 84
Dependent events, 57
Diagonal, 184
Diagram,

transition, 146

tree, 9, 23, 56
Difference of sets, 2
Discrete

probability space, 43

random variable, 83
Disjoint sets, 2
Distribution (of a random variable), 75, 83
Distribution,

binomial, 105

Gaussian, 106

joint, 79

multinomial, 109

normal, 106

Poisson, 108

standard normal, 107

Element, 1
Elementary event, 38

INDEX
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Empty set, 1
Equiprobable space, 42
Event, 38
independent, b7
Expectation, 75, 83, 84
Expected value, 756

Factorial notation, 16
Failure (binomial distribution), 106
Family of sets, b
Finite
equiprobable space, 42
probability space, 41
sets, 4
stochastic process, 55
Fixed vector, 127, 129
Function, 74
cumulative distribution, 85
density, 84
of random variables, 82
probability, 756

Gaussian distribution, 106

Image, 74
Impossible event, 38
Independent
events, 57
random variables, 81, 86
trials, 58, 68
Indexed sets, 5
Infinite
sample spaces, 43
sets, 4
Initial probability distribution, 132
Integers, 2
Intersection of sets, 25
Interval, 2

Joint
distribution, 79
probability funetion, 79

Large numbers (law of), 86

Main diagonal, 134
Mapping, 74
Marginal distribution, 80
Markov chain, 130
Matrix, 126
stochastic, 127
Mean, 76
Member, 1
Multinomial
coefficients, 20
distribution, 109
Multiplication theorem, 556



Mutually exclusive events, 39

N (positive integers), 2
N{g, 0?), 107

Normal distribution, 106
Null set, 1

0dds, 42

Ordered
partitions, 22
samples, 18

p(k;2), 108
P(n,7), 17
Partitions, b, 22, 56
Pascal’s triangle, 20
Permutations, 16
with repetitions, 17
Poisson distribution, 108
Positive integers, 2
Power set, b
Preimage, 74
Probability, 38, 40
conditional, 54
function, 40, 756
product, 60
vector, 127
Process (stochastic), 56
Product
probability space, 50
set, 4

R (real numbers), 2
Random events, 42
Random variables, 74
continuous, 84
discrete, 83
function of, 82
independent, 81, 85
Range, 74
Real numbers, 2
Regular stochastie matrix, 128
Relative
complement, 2
frequency, 38

INDEX

Repeated trials, 58
Row of a matrix, 126

Sample
mean, 87
point, 38
space, 38
Sampling, 18
Scalar multiplication, 126
Set, 1
Square matrix, 126
Standard deviation, 78, 83, 85
Standard
normal distribution, 107
units, 107

Standardized random variable, 79

State space, 130
Stationary distribution, 133
Stochastie
matrix, 128
process, bb
Subset, 1

Success (binomial distribution), 106

Tchebycheff’s inequality, 86
Techniques of counting, 16
Transition

diagram, 146

matrix, 130
Tree diagram, 9, 23, 66
Trials, independent, 58, 68

Uncountable sets, 4
Uniform space, 42, 43
Union of sets, 2
Universal set, 1

Variance, 78, 83, 84

Vector, 126
probability, 127

Venn diagrams, 3

Weighted average, 76

Z (integers), 2
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